A series of Siamese twin designs  by Crnković, Dean
Discrete Mathematics 309 (2009) 322–327
www.elsevier.com/locate/disc
A series of Siamese twin designs
Dean Crnkovic´
Department of Mathematics, Faculty of Philosophy, Omladinska 14, 51000 Rijeka, Croatia
Received 27 June 2006; accepted 5 December 2007
Available online 21 February 2008
Abstract
A {0,±1}-matrix S is called a Siamese twin design sharing the entries of I if S = I + K − L , where I, K , L are nonzero
{0, 1}-matrices and both I +K and I + L are incidence matrices of symmetric designs with the same parameters. Let p and 2p+3
be prime powers and p ≡ 3 (mod 4). We construct a Siamese twin design with parameters (4(p + 1)2, 2p2 + 3p + 1, p2 + p).
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1. Introduction
A symmetric (v, k, λ) design is a finite incidence structure (P,B, I )whereP andB are disjoint sets and I ⊆ P×B,
with the following properties:
1. |P| = |B| = v;
2. every element of B is incident with exactly k elements of P;
3. every pair of distinct elements of P is incident with exactly λ elements of B.
The elements of the set P are called points and the elements of the set B are called blocks.
A Hadamard matrix of order m is an (m×m)matrix H = (hi, j ), hi, j ∈ {−1, 1}, satisfying H HT = HT H = m Im ,
where Im is an (m × m) identity matrix. A Hadamard matrix is regular if the row and column sums are constant. It is
well known that the existence of a symmetric (4u2, 2u2 − u, u2 − u) design is equivalent to the existence of a regular
Hadamard matrix of order 4u2 (see [9, Theorem 1.4 pp. 280]). Such symmetric designs are called Menon designs.
A {0,±1}-matrix S is called a Siamese twin design sharing the entries of I if S = I + K − L , where I, K , L
are nonzero {0, 1}-matrices and both I + K and I + L are incidence matrices of symmetric designs with the same
parameters. Some infinite classes of Siamese twin designs are described in [5–7,4].
2. Siamese twin designs
Let p be a prime power, p ≡ 3 (mod 4), and Fp be a field with p elements. Then a (p× p) matrix D = (di j ) such
that
di j =
{
1, if (i − j) is a nonzero square in Fp,
0, otherwise,
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is an incidence matrix of a symmetric (p, p−12 ,
p−3
4 ) design. Such a symmetric design is called a Paley design (see [8]).
Let D = (d i j ) be an incidence matrix of a complementary symmetric design with parameters (p, p+12 , p+14 ). Since
−1 is not a square in Fp, D is a skew-symmetric matrix. Further, D has zero diagonal, so D + Ip and D − Ip are
incidence matrices of symmetric designs with parameters (p, p+12 ,
p+1
4 ) and (p,
p−1
2 ,
p−3
4 ), respectively.
Lemma 1. Let p be a prime power, p ≡ 3 (mod 4). Then the matrices D and D defined as above have the following
properties:
D · DT = (D − Ip)(D + Ip)T = p + 14 Jp −
p + 1
4
Ip,
[D | D − Ip] · [D − Ip | D]T = p − 12 Jp −
p − 1
2
Ip,
[D | D] · [D + Ip | D − Ip]T = p − 12 Jp,
[D | D] · [D − Ip | D − Ip]T = p − 12 Jp,
where Jp is the all-one matrix of dimension (p × p).
Proof. It is clear that D · DT = p+14 Jp − p+14 Ip, since D is the incidence matrix of a symmetric (p, p−12 , p−34 )
design. Further, D + Ip is the incidence matrix of a symmetric (p, p+12 , p+14 ) design and D + Ip = D − Ip, so
(D − Ip)(D + Ip)T = p+14 Jp − p+14 Ip.
The other equalities follow from the properties listed below:
Di · (D − Ip)Tj =

0, if i = j,
p + 1
4
− 1, if di j = 1,
p + 1
4
, if di j = 0, i 6= j,
(D − Ip)i · DTj =

0, if i = j,
p + 1
4
− 1, if d j i = 1,
p + 1
4
, if d j i = 0, i 6= j,
Di · (D + Ip)Tj =

p − 1
2
, if i = j,
p − 3
4
+ 1, if di j = 1,
p − 3
4
, if di j = 0, i 6= j,
Di · (D − Ip)Tj =

p − 1
2
, if i = j,
p + 1
4
− 1, if d i j = 1, i 6= j,
p + 1
4
, if d i j = 0,
where X i denotes the i th row of a matrix X . 
Let q be a prime power, q ≡ 1 (mod 4), and C = (ci j ) be a (q × q) matrix defined as follows:
ci j =
{
1, if (i − j) is a nonzero square in Fq ,
0, otherwise.
C is a symmetric matrix, since −1 is a square in Fq . There are as many nonzero squares as nonsquares in Fq , so
each row of C has q−12 elements equal to 1 and
q+1
2 zeros. The set of nonzero squares in Fq is a partial difference set
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(see [1, 10.15 Example, p. 231]). Let Ci and C j , i 6= j , be the i th and the j th rows of the matrix C , respectively. Then
Ci · CTj =

q − 1
4
, if ci j = c j i = 0,
q − 1
4
− 1, if ci j = c j i = 1.
The matrix C − Iq has the same property. Let C i and C j , i 6= j , be the i th and the j th rows of the matrix C = (ci j ),
respectively. Then
C i · CTj =

q − 1
4
, if ci j = c j i = 0,
q − 1
4
+ 1, if ci j = c j i = 1.
The matrix C + Iq has the same property.
Lemma 2. Let q be a prime power, q ≡ 1 (mod 4), and let the matrices C and C be defined as above. Then the
following properties hold:
C · (C + Iq)T = C · (C − Iq)T = q − 14 Jq +
q − 1
4
Iq ,
C · (C − Iq)T = q − 14 Jq −
q − 1
4
Iq ,
(C + Iq) · CT = q + 34 Jq −
q − 1
4
Iq ,
[C | C + Iq ] · [C | C + Iq ]T = q − 12 Jq +
q + 1
2
Iq ,
[C | C − Iq ] · [C | C − Iq ]T = q − 12 Jq +
q + 1
2
Iq ,
[C | C + Iq ] · [C | C − Iq ]T = q + 12 Jq −
q + 1
2
Iq .
Proof. The equalities follow from the properties of the matrices C , C + Iq , C , and C − Iq listed above, and the
following two properties:
Ci · CTj =

0, if i = j,
q − 1
4
, if ci j = c j i = 0, i 6= j,
q − 1
4
+ 1, if ci j = c j i = 1,
(C + Iq)i · (C − Iq)Tj =

0, if i = j,
q − 1
4
, if ci j = c j i = 1,
q − 1
4
+ 1, if ci j = c j i = 0, i 6= j . 
The properties of the matrices C and D listed in Lemmas 1 and 2 have been used in [2] and [3] for construction
of series of Menon designs. In this article we shall use this properties in order to construct a series of Siamese twin
Menon designs.
For v ∈ N we denote by jv the all-one vector of dimension v, by 0v the zero vector of dimension v, and by 0v×v
the zero matrix of dimension v × v.
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Let p and 2p + 3 be prime powers and p ≡ 3 (mod 4). Put q = 2p + 3. Then q ≡ 1 (mod 4). Let D, D, C and C
be defined as above. We define a (4(p + 1)2 × 4(p + 1)2) matrix I as follows:
I =

1 0Tq j
T
p·q 0Tp·q
0q Iq (C − Iq)⊗ jTp C ⊗ jTp
(C + Iq)⊗ D
jp·q C ⊗ jp + Ip·q + (C − Iq)⊗ Ip
C ⊗ (D − Ip)
(C + Iq)⊗ (D − Ip)
0p·q (C + Iq)⊗ jp C ⊗ Ip + Ip·q +
C ⊗ D

The following theorem holds:
Theorem 1. Let p and q = 2p + 3 be prime powers and p ≡ 3 (mod 4). Further, let the matrices D, D, C, C and I
be defined as above. Then the matrix
S =

1 0Tq j
T
p·q 0Tp·q
0q Iq (C − Iq)⊗ jTp C ⊗ jTp
(C + Iq)⊗ D C ⊗ (D − D + Ip)
jp·q C ⊗ jp + Ip·q + +
C ⊗ (D − Ip) (C − Iq)⊗ (D − D)
C ⊗ (D + 2Ip − D) (C + Iq)⊗ (D − Ip)
0p·q (C + Iq)⊗ jp + + Ip·q +
(C − Iq)⊗ (D − Ip − D) C ⊗ D

is a Siamese twin design with parameters (4(p + 1)2, 2p2 + 3p + 1, p2 + p) sharing the entries of I .
Proof. Define (4(p + 1)2 × 4(p + 1)2) matrices M1 and M2 in the following way:
M1 =

1 0Tq j
T
p·q 0Tp·q
0q Iq (C − Iq)⊗ jTp C ⊗ jTp
(C + Iq)⊗ D C ⊗ D
jp·q C ⊗ jp + Ip·q + +
C ⊗ (D − Ip) (C − Iq)⊗ D
C ⊗ (D + Ip) (C + Iq)⊗ (D − Ip)
0p·q (C + Iq)⊗ jp + + Ip·q +
(C − Iq)⊗ (D − Ip) C ⊗ D

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Table 1
Table of parameters for p ≤ 100
p q = 2p + 3 4(p + 1)2 Siamese twin designs
3 9 64 (64, 28, 12)
7 17 256 (256, 120, 56)
19 41 1600 (1600, 780, 380)
23 49 2304 (2304, 1128, 552)
43 89 7744 (7744, 3828, 1892)
47 97 9216 (9216, 4560, 2256)
67 137 18496 (18496, 9180, 4556)
M2 =

1 0Tq j
T
p·q 0Tp·q
0q Iq (C − Iq)⊗ jTp C ⊗ jTp
(C + Iq)⊗ D C ⊗ (D − Ip)
jp·q C ⊗ jp + Ip·q + +
C ⊗ (D − Ip) (C − Iq)⊗ (D + Ip)
C ⊗ D (C + Iq)⊗ (D − Ip)
0p·q (C + Iq)⊗ jp + + Ip·q +
(C − Iq)⊗ D C ⊗ D

Let us show that M1 and M2 are incidence matrices of Menon designs with parameters (4(p + 1)2, 2p2 + 3p +
1, p2 + p). One can easily see that M1 · J4(p+1)2 = M2 · J4(p+1)2 = (2p2 + 3p + 1)J4(p+1)2 . We have to prove that
M1 · MT1 = M2 · MT2 = (p2 + p)J4(p+1)2 + (p + 1)2 I4(p+1)2 . Using the properties of the matrices D, D, C and C
listed in Lemmas 1 and 2, one computes that M1 · MT1 = M2 · MT2 is the matrix
2p2 + 3p + 1 (p2 + p) jTq (p2 + p) jTpq (p2 + p) jTpq
(p2 + p)Jq
(p2 + p) jq + (p2 + p)Jq×pq (p2 + p)Jq×pq
(p + 1)2 Iq
(p2 + p)Jpq
(p2 + p) jpq (p2 + p)Jpq×q + (p2 + p)Jpq×pq
(p + 1)2 Ipq
(p2 + p)Jpq
(p2 + p) jpq (p2 + p)Jpq×q (p2 + p)Jpq×pq +
(p + 1)2 Ipq

where Jm×n is the all-one matrix of dimension (m × n). Thus,
M1 · MT1 = M2 · MT2 = (p2 + p)J4(p+1)2 + (p + 1)2 I4(p+1)2 ,
which means that M1 and M2 are incidence matrices of symmetric designs with parameters (4(p + 1)2, 2p2 + 3p +
1, p2 + p).
Incidence matrices M1 and M2 share the entries of I , and S = I+K−L , where M1 = I+K and M2 = I+L . 
Parameters of Siamese twin designs belonging to the series described in this paper, for p ≤ 100, are given in
Table 1.
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